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This paper proposes a methodology to modify the shape of a NURBS curve by moving the
nose points of each curve segment. To perform the modification, the algorithms of evalu-
ating control point movements and weight changes are first introduced. In weight changes,
the derived equation for modifying a curve segment is viewed as an equilibrium force
system, acting on the target nose point and yielding the required nose point displacement,
which provides the foundation for the algorithm to attain the required curve modification.
To raise the precision and efficiency of curve modification, a method of constraining the
joining points and the nose points is proposed. In addition, a method is presented to reach
an optimal solution to curve modification, and is verified in the implementation. © 1998
Elsevier Science Ltd. All rights reserved
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Introduction shows, when a control point moves, the affected
curve segment will move in the same direction as
the control point does.

2. Pull/push the curve segments™: This approach
uses the rational curve model to flatten or sharpen
segment noses by adjusting the weights of control
points. As illustrated in Figure 2, when the weight
of a control point changes, the affected curve

Shape design and modification for free-form
geometry is a typical task in the automobiles, aircraft,
molds, and artworks industries. It begins with
extracting the free-form features, and next defines the
‘features’ frameworks either by sketching or through
a data set of CMM measurement. A basic CAD
model is then created by editing and relating the
constituent features'. Finally, a desired shape modifi-
cation is accomplished after interactive change of
geometric features.

A NURBS (Non-Uniform Rational B-Spline) curve
is a vector-valued piecewise rational function, which
is widely adopted in the CAD/CAM and computer
graphics community, A NURBS curve, mathematic-
ally speaking, avails to some parametric manipulation
for its modifications: moving control points, elevating
the order of blending functions, inserting knots,
modifying tangent magnitudes or curvatures, and
changing weights through rational polynomials, etc.”.

There are several methods found in the literature
to modify a NURBS curve, as listed below:

1. Translate the curve segments in a certain direc- B,
tion’: This method aims to move the control Figure 1 A NURBS curve modification by moving the nose
points to modify the curve shape. As Figure I control point.
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Figure 2 A NURBS curve modification by changing the
weight for the nose control point B,.

segment will move toward (or away from) the nose
control point of this curve segment.

3. Modulate the knot positions and length ratio of
the curve segments’: In this approach, knot spans
are reallocated to modify the knot values for
joining points between curve segments. Figure 3
shows the results using different knot vectors.

4. Subdivide segments, elevate and reduce the
degree® ' These method focus on inserting knots
or changing the order of the defining B-spline
basis functions to modify or design a curve.

For the issue of curve modification, the movement
of feature points on each curve segment toward
target positions is crucial to modify the shape
features of an artistic curve. There are, however, few
articles which discuss the methodology to modify or
design a curve by changing the curve features. To
achieve the goal of curve modification, it is advisable
to firstly well divide a curve into several featured
segments, and then modify the curve shape by merely
moving the features. This paper thus aims to propose
a methodology which functions to modify a NURBS
curve based on constraints of the so-called ‘nose
points® of each curve segment. A scheme is laid out
to discover new control points and weights for curve
modification based on the nose points. When the

5. new joining
: knot F,'

curve C'(t), [X']=[0 00 0.5 1.82
1.82 1.82]

W,
~~~~

B,

curve C(¥), [X]=[0001
1.82 1.82 1.82]

Figure 3 A NURBS curve modification by changing the
knot vector.
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Figure 4 A curve modification with multiple noses.

nose points are close to their target positions by using
new weights or control points, other points of the
curve segments may more or less deflect. To
moderate the deflection, simply changing the knot
vector can achieve this demand. Also discussed in this
paper is a set of formulae for calculating new knot
spans to force the joining points to target positions.

Algorithm for curve modification

Assume a NURBS curve is composed of n curve
segments (see Figure 4). Let a curve point on curve
segment j be C(t,) and its target position P, where ¢,
represents the parameter value of point C(z,).
Express these two points by the following NURBS

form”:
n+2 n+2
2 Nu(t,)W;B, Y Nu(t,)W,B,
S — 55 =P,—C(t,)(1)
I,; Ni.k(tpj)Wi 'gl N,»,k(t,,j)Wi

where W, and W express the weights for control
points B; before and after curve modification, N, is
the basis function of order &, and B, and B, are the
control points before and after curve modification.

Let W/ =W, +AW,B]=B,+ AB; and rearrange the
above equation into the following form:

N, (1, )W N, (2, )W, + AW )AB,
+ 2N, (t,)WEN, (t,)W.B;
+ 2N, (t,)W.EN, (¢, )AW B,
= 2N (1, )W.EN (¢t ,,)W B,
— XN (1, )AWEN  (t,)W B,
= EN (8, )W IZN (8, )W (P, — C(2,,))
+ XN, (t, DAW (P, —C(t, )]
Multiply the above equation by
1
INL( )W,
to give
IN ()W + AW)AB, + XN, (1, )AW, B,
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ZN,{t,)W.B,
IN{t, )W,
= ENi.k(tP.i)Wi(Pi - C(Im‘))
+ ZNi,k(tpj)AWi(Pj - C(tpj))

— N1, )AW,

Since

ZN,'V/((t,,j)W,-B,'

C []. = s
( ”) ZN(:’.A‘)([I)_)’) Wi

the above equation becomes
ENi.k(tpj)(Wi + AWi)ABi + ENi.k(zpj)AWi(Bi - P/)
=ZN (1, )W{P,—C(t,)) 2

Equation (2) expresses the weight changes AW, and
control point movements AB; to move a curve point
from curve point C(t,) toward point P,

Nose points

In this paper, it is assumed that there is only a single
curve point AC(t,) on each curve segment to be
moved for modification, and the point P, can be
viewed as the target ‘nose point’ of this segment.
Theoretically speaking, a nose point can be any point
on a NURBS curve segment mathematically. Due to

the following reasons, it should be specific:

e In practical use, it is very unnatural to select one
point for each curve segment on a CAD screen.

e To improve the precision of a fitted curve, selecting
some key points from the curve to fit to the target
places is more reachable and effective than to fit
the curve to all the data set.

However, how do we determine the key points?
Prominent curve points, e.g. the sharp points of the
convex or concave curve segments, are what we
consider the key points for the reasons given below:

e These points almost locate at the farthest positions
of the curve from each other. Modify the curve by
constraining these points to target positions, the
curve segments will change shape more regularly
and have little influence on others.

e From Figure 2, one can recognize that the points
closest to the concave or convex tips of the curve
segments are more likely to fit closer to the
requirement in equation (7) (give smallest side
displacement (v-direction) error, and get precise
displacements of the curve points).

e These points can be viewed as the feature points
on a fitted curve, so that one can improve the
curve fitting by moving them to target nose points
of the original data set without loosing the
smoothness.

In this paper, a nose point refers to the unique
point of a curve segment, which is the curve point
taken with a parameter value of the average param-
eter of the two boundary joining points. Alternatively,
one may choose the curve point which is nearest to
the second governing control point (B2 in Figure 2)

for this curve segment. Because of the uniqueness of
this point, a nose point can thus be named as a ‘nose
feature® for the curve segment. Before the user can
naturally identify and modify these nose points, the
nose points AC(¢,) should be dotted on the CAD
screen in advance.

As to the target nose points, they should be
manually input by the user on the CAD screen for
curve modification. But for curve-fitting improve-
ment, it is suggested to take the nearest data point to
the second governing control points of the curve
segment.

The following four sections will discuss the modifi-
cation of a NURBS curve by the change of weights,
the movement of control points, and the positioning
of joining knots.

Keep the weights unchanged

The nose point displacements by moving control
points are discussed below by viewing both the cases
of a single curve segment and multiple curve
segments.

Local modification for a single curve segment. 1f the
control points move without any weight change, i.e.
AW, =0, equation (2) becomes

n+2 n+2

E} N (t,)WAB; = ; N1 )WHP,—C(,) 3)
For the condition that the jth curve segment is
modified by moving the nose control point B,, |,

equation (3) can be simplified as:
n+2

Nj+l.k(tpf)Wi+lABj+l= ’,:ZI Ni.A(r/:j)Wi(Pi_C(rm)) (4)

Rearrange the above equation and give

ZNi,k(tpi) Wi

AB,, = — 07
! Ni+|<l\(tp‘/)Wj+l

(P,—C(1,,)) (5)

The above equation indicates the following: if a
control point moves, the affected curve points will
move in the same direction as that of the control
point (but each in different magnitudes). As illus-
trated in Figure I, it shows that the points on the
affected curve segment would translate in direction
EZ—B:' when a control point B, is moved to B;.

Modlification for multiple curve segments. Suppose two
(or more) adjacent curve segments are asked to be
modified. The two adjacent control points for the two
curve segments can be viewed as the ‘nose control
points* of the two curve segments. In general, if the
nose point on each curve segment is assigned a target
position during the modification, equation (3) can be
applied for each curve segment. Thus generated are n
vector equations with »+2 unknowns to move the n
nose points for the # curve segments.

Express these n vector equations in x and y direc-
tions as:
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b,,AB, +bl,zABz +b|,3AB3 = aIAC(th)
b,,AB, + b, ;0B + b, AB, = a,AC(t ;)

: (6)
by DB, + by AB, s, + by oAB, 2 = a,AC(E,)
where a,= IN,(t,)W b, = N, )W,
Suppose the end control points are fixed, i.e.
AB, = AB,.,=0, there will be n equations for n

unknowns AB; in equation (6). Equation (6) can be
rewritten into the following matrix form:

Pbl‘z b),} 0 Y 7
blZ bZS bld 0 0
0 0
0
b by by
0
0 bn—l.n—l bn—l,n bn—l.n+l
L-O : 0 bn,n bn,l1+| -
CAB, 7| [aaca,)]
AB, aAC(t,,)
= 7
a,AC(t,) O
AB’! .
hABn+ IJ _anAC(tpn)_

The control point movements AB; will thus be
obtained by solving equation (7) in x and y directions,
respectively.

( o nose point :C(tpj)-> e target nose position: Pj)

Figure 5 Curve-fitting improvement by moving nose points.

Figure 7(a) depicts an initial fitted curve, which can
be improved by moving the nose points. The target
nose points are the data points calculated nearest to
the nose points of the initial fitted curve, and Fis are
the joining points of curve segments. The curve is
initially composed of control points B: [(124.39,
175.54), (167.68, 286.47), (281.62, 192.61), (407.82,
323.98), (454.80, 163.49), (362.84, 81.97)], weights W:
(11111 1], knot vector X: [0 0 0 1 1.855 2.843 3.287
3.287 3.287], and the distance between the initial and
target nose points Err: [8.963, 5.550, 8.275, 0.396).
Through control point movements by using equation
(7), the error vector of nose points becomes Err:
[0.588, 3.594, 0.299, 1.210] as depicted in Figure 7(b).

Keep the control points unmoved

If all the control points remain constant, i.e. AB; =0,

equation (2) becomes
n+2 n+2

E; Ni.k(tpj)AWi(Bi—Pj)= ';l Nl'.k(tpj)Wi(Pj—C(tpj))

(8)
For a third-order NURBS curve, i.e., k = 3, equation
(8) can be viewed as the following equilibrium
equation, which consists of four concurrent vectors
intersecting at the target point P,.

AW, .+ AW, L0+ A‘VH'ZIJ\J"f2

J jiz
= g N, WP, —C(,))

where

Ij.i = Ni,}(tpj)(Bi - Pj)
Express the above equation by the following form:

i+2

F,+F,+F,= §, Nt YWAC(,) (9)
where

Fi—j+| = Ni,3(tpj)AWi(Bi - Pj)

n+2

nt1
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fori=j,j+1,j+2

By referring to equation (9), the curve point
modification can be given the following physical
meaning: the point P, is pulled by three forces,
yielding displacement AC(z,) as illustrated in Figure 4.

Let w, be the unit tangent vector of B;+1—P, v, be
the unit tangent normal to w, and each nose point
C(t,) be selected on line P,B,,,, a scalar expression
in u-direction for equation (9) can be written below:

A‘/V/“Ij._/ + AVVH I‘I/'.j+~l + AW;‘+2J_/'./+Z

= T N.(1,)WACG,) (10)

where J;,=u;1,,
AC(t,)=u AC(,)

Express equation (9) by a scalar equation in
vi-direction:

(N2, )AW)|(B,—P)) x u |
=(N/+2A§(t[)j)Av‘/j+2)|(Bj+2-Pj)xufl (11)

Rewrite the above equation into the following form

AW, I(B,—P)xu| N,
AW,

[ - I(B,..—P)xu| N, ()

i

(12)

To get true solutions of weight changes AW the
solutions obtained by equation (10) should be equal
to that by equation (12). But in fact, the two sets of
solutions are always different, and one cannot solely
use equation (10) or equation (12) to reach a satisfac-
tory result for curve modification. Sections 2.3.1, 2.3.2
and 2.3.3 will further discuss the solutions of weight
changes based on equations (10) and (12).

Solutions of AW in u-direction. In this paper, there are
two constraints to modify a NURBS curve by moving
the nose point features: (1) there is only a single
curve point AC(t,) to be modified for each curve
segment, and the curve point can be viewed as the
nose point of this segment; (2) weights for the two
end control points always remain constant, i.e.
AW, = AW, , = 0. From the above two constraints, »
equations with » unknown weight changes AW

expressed by equation (10) can be written as the
following matrix form:

7. 1, 0 0 7
Jz,: Jz,x b2,4 0
0 0
0
. ‘IN IJ/./ J,.m
0
0 JH [N ‘]n I.n ‘In in+|
LO : 0 Juw uwir
-A‘A/2 ﬁ ™+ 2 ﬁ
AW T Nt )WAC(,)
nt2
E] Ni.z(f,,z)wAC(T,,z)
| Z N wAce,) (13)
n+2
AM{I 2 N:.z(’/n,)wAC(f,m)
_AWH - L':I J

The new weights should always remain positive for
modifying a NURBS curve.

However, weight changes AW calculated from
equation (13) may be either positive or negative.
Figure 8(a) shows the initial curve and the two target
nose points of a face profile. Assume all the initial
weights are equal to 1, the weight changes from
equation (13) are given

AW =14.680 2.967 —0.400 —2.418 —0.757 0.847
—0.693 —0.937 —0.923 —0.3020.189
—0.470 —0.793 —0.522 —0.467 —0.236] (13)

The new weight for the fourth control point will be
negative (—1.418), which is invalid for a NURBS
curve. If any of the new weight given from equation

X, X, X, X, X,

Figure 6 A force system of three forces acting on the target point P,
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(13) is negative, additional allocation for weight
changes is needed, which will be discussed below.
Assume the nose point has moved to the target
position along the wu-direction by weight changes
using equation (13). Considering the allocation of
weight changes should not destroy what movement
has been obtained by equation (13). Let AW’ be the
difference of AW, the following equation can be

input data points

initial nose-poin?.,,;;

H

3
B,  initial fitted-curve target nose-points

* ; joining knots (Fi)

B,

(a) Initial fitted curve

improved fitted curve

o

displacement of
joining point
input data points

(c) AW

improved fitted curve,

e

input data points

() AW > AW > AB
input data points

o

improved fitted curve

X:[0001 1.8602.454 2.654 2.654 2.654]

(g) AW/X > AB

242mm

derived from equation (10) to express the relation-
ship between the differences of weight changes.

AW:’—IJi—I,iAI +AW:‘J1—I,i+AW,i+|Ji—I.i+I =0 (14)

where i=2,3,...,n+1. Process 1 is an algorithm to
allocate the weight changes all over the curve
segments, until all of the new weights become
positive. After the allocation of weight changes by the

displacement of
joining point

v

improved fitted curve

(b) AB

displacements o
joining points

improved fitted curve

X: [0001 1,8552.843 3.287 3.287 3.287] £ ’

(d) AW >AB

F input data points

o

improved fitted curve

(f) AB>AW ->AB

. input data points -\

.\*,.'
improved fitted curve

X:[00011.8822.3402.518 2,518 2.518] /"

(h) (AW/X)x2->AB

Figure 7 Curve modification in need of allocation of weight changes.
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[Process 1]:
For(i=2i<=n+hi++)
{
If AW, < -W,(ie. W, = AW, +W,<0)  }
Then :{
AW = -AW,,
For(i:)
{
Assign values 4 and B;

if the weight for nose control point of segment # i-1
will become negative according to equation (13)

allocate difference of AW for segment #i-1
(AW ', AW\, AW ) 8ocording to

AW 1:-AJ AW

equation (14), where A+B=1

. J,. .
AW = ~B 2 AW
J

i)

I (W, + AW, ) > 0 and (W, + AW ) >0)
Then : Break;

make sure the weight changes for
segment i-1 are positive

}
For i-lj-1>=1 ——) '
G=i=ki- / make AW for segments *-2,7-3, .., 1

J
AW =AW - ’ LLAW 1 to be congruent with equation (14)

J-bi-l 111I

For(j=i+1; j+1<—n+l_]++) }

make AW’ for segments %, i+1, ..., n

AW g AW s pw to be congruent with equation (14)
JRYSERJ=VEY by

J-Le /I/I

For(j=lj<=n+2;j++) compute weight changes

AW =AW, + AW

algorithm of Process 1, equation (10) will still keep
true, but the curve point will deflect slightly in the
v-direction. When the algorithm of Process 1 is
applied to the problem in Figure 8(a) to allocate the
weight changes, the weight changes become

AW =[9.417 5.333 —0.400 0.000 —0.176 3.264
—-0.097 —0.152 1.033 —0.276 —0.8520.724
1.411 —0.923 —0.072 0.157]

The result for curve modification is shown in Figure
8(b).

Solutions of AW for both u- and v-directions. From
equations (10) and (12), one can understand that the
solutions derived from these two equations are
incompatible with each other for multiple-point
modifications. Since in this case, the nose points do
not move purely in (or opposite to) the wu-direction.
Instead, they may also move in the v-direction
concurrently when changing the weights. Thus, one
cannot move the nose points to the target positions,
except if the user can assign the nose points and the

Table 1 Results of curve modification for five times of AW

target positions so that the following equation can be
satisfied:

Wl v+ Wl v,=0 (15)

Figure 7(c) shows the result of curve modification by
changing weights. It appears that using the weight
changes obtained by equation (13) can only move the
nose points closer to target positions, which is
because of the effect in the v-direction. If the nose
point movements are evident in the v-direction, two
approaches for further adjustment to give better
results are suggested: (1) move nose points by
changing knot vectors so as to meet equation (15),
and (2) repeat equation (13) followed by Process 1
until an optimal solution is reached. The lists in
Table 1 show that the precision of the results of nose
point movements are raised as the change of weights
by equation (13) are repeated, but the improvement
of precision is not apparent after the fourth weight
change.

Local modification for a single curve segment. I it is
necessary to modify a single curve segment, e.g. curve
segment i, by moving the nose point toward the target
position, both equations (10) and (12) should be
satisfied for weight changes in the meantime. First,
set the weight change AW, , for the nose control
point to a constant, and allocate the two weight
changes AW and AW, , by combining both equations
(10) and (12). These two equations are combined
into the following form:

AWT A+ AW T o= AW+ AW LT
= AW >,'k(-],’,,‘ +di-]i.:+2)

where AW* is the new value of AW, and

Vlixui Nl t)r'
g Vaxul Nt »
|Vi.l+2 X uil Ni+2.3(tpi)

Finally, the governing weight changes for the curve
segment become

W: weight vector
AW: weight change vector

Err: error vector of nose points

Initial model
1 Weight change

Wi111111]

AW:[05.170 5.198 2.717 1.778 0]

2 Weight changes
3 Weight changes
4 Weight changes

5 Weight changes

W:16.170 6.198 3.717 2.778 1]
AW [0 —-3.356 —3.501 —2.159
Wi[1 2.814 2.697 1.558 1.449 1]
AW [0 —0.394 —0.384 —0.323
W:12.4202.313 1.326 1.210 1}
AW [0 —0.006 —0.013 —0.012
W1 2.414 2.300 1.314 1.199 1]
AW:[0 0.001 0.002 0.001 0 0]

Wi(12.415 2.302 1.315 1.199 1]

[8.960, 5.550, 8.275, 0.396]
[7.563, 1.513, 6.535, 2.591]

~1.3290] [1.860, 1.360, 4.780, 1.138]
~0.239 0} [1.280, 1.327, 4.850, 0.204]
—0.011 0] [1.280, 1.329, 4.851, 0.197]

[1.287, 1.315, 4.862, 0.184]
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AWJ,-,,- + Aw+2']i,i+2

AW*= (17)
‘Ii,i + diJi,i+2

AW, =AW, (18)

AW, ,=dAW* (19)

The local curve modification of solely moving the
nose point of a curve segment can be achieved by
firstly solving the weight changes using equation (10),
and next adjusting the weight changes for the local
segment using equations (17)—(19).

Change both weights and control points

To improve curve fitting, one may manage to improve
nose points by moving control points and changing
weights in combination. The cases from Figure 7(d-f)
depict the results by combining control point
movements and weight changes. In these cases, two
weight changes followed by control point movement
[as indicated by the symbol AW—AW—AB in Figure
7(e)], is found to render better precision for
improving curve fitting.

Positioning of joining knots

When weights and control points are changed for
curve modification, the curve segments will more or
less deflect due to the displacement of joining points
between every two adjacent curve segments, although
the nose points get close to the target positions. The
deflection of curve segments may reduces the
performance of curve modification, and should be
decreased. Figure 7(b) and (d) reveal the displace-
ment of joining points resulting from moving control
points and changing weights, which destroys the
improvement of curve fitting near the joining points.
Figure 8(b) shows a large amount of deflection in the
curve segment beneath the chin, which is caused by
the displacement of the joining point. The adoption
of a new knot vector with reference to the following
equation will moderate the deflections of curve
segments by constraining the joining points to stay at
their original places.

W+Z(BE+Z_F:‘+I) A

; (20
W+I(Fi+l_Bi+l) )

i1 =

where A; is the knot span, B; represents the control
point, and F; is the joining point between two curve
segments (see Figure 6), and equation (20) has been
proved in the Appendix. Set the first span A, to a
constant and calculate other spans accordingly:

A W+I Bi+l_Fi Bi—Fi\l
. VVZ F,'_'Bf Fi»l_Bi—I

B,—F,
Fi—B,

B3_F2
Fz—Bz

X

'Al (21)

for i >2. The knot vector can be expressed as:
[X]=[000 Al.l Al,z Al,3 v Al.i cee
Al.'l*Z Al.nfl AI,n-l An,n—l]

where A, ;= A +A,+.. . +A_ +A.

When constraining the joining points of curve
segments to the weight changes, Figure 7(d) becomes
Figure 7(g) and Figure 8(e) becomes Figure 8(h),
which significantly decrease the deflection of curve
segments near the joining points. Whereas, when
constraining the joining points by changing the knot
vector, the nose point positions will move in the
meantime, and the operations of moving control
points and/or changing weights must be applied again
to improve the curve shape. Therefore, to modify a
NURBS curve by moving nose points, a series of
operations for locating nose points and joining points
should proceed until an optimal precision can be
reached.

Assume AW/X represents the constraining new
knot vector to the change of weights, so as to locate
the joining points, and that moderates the curve
deflections of curve segments. Table 2 lists the results
of curve-fitting improvements during five times of
AWI/X, and demonstrates that the precision of curve
modification rises as the number AW/X increases.
From Figure 7(g) and (h) and Table 2, it is revealed
that constraining joining points to weight changes
(AW/X) apparently helps to improve the total
precision of a fitted curve for the subsequent control
point movements.

Summing up the above discussions for curve
modification, five characteristics can be derived, as
follows:

1. Moving control points gives fast and precise
location of nose points, while the relevant joining
knots of curve segments will move, and the curve
segments may deflect.

2. Weight changes for multiple nose point modifica-
tions will make the result of movement less
precise, while, repetitive weight changes, several
times, will cause little joining knot displacements,
and will give better global curve modification for
nose points.

3. The precision of curve modification by weight
changes may be significantly increased when
constraining the joining knots,

4. The precision of curve modification significantly
depends upon the vectors from the initial nose
points toward target positions. When equation
(15) is satisfied, an optimal result is yielded.

5. A number of changes of weights and knot vector
followed by control point movements may achieve
better and quicker curve modifications.
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target nose
points

target nose -{
points

\—initial curve joining points

displacement

(b) Modified curve without
(a) Initial curve constraining knot vector(A}#)
targetnose = ..
points f‘

joining point is
constrained

(c) Modified curve with joining
points constrained AW / X )

Figure 8 The joining points F; and knot spans A, relationship.

Table 2 Results of curve modification for five times of AW/X

W: weight vector
AW: weight change vector

X: knot vector
Err: error vector of nose points

Initial fitted curve Wi(111111]

1 Weight change AW:[05.170 5.198 2.717 1.778 0]
W:16.170 6.198 3.717 2.778 1}

2 Weight changes AW [0 —3.218 —3.154 —2.348 —1.595 0]
Wi{1 2.952 3.044 1.369 1.183 1]

3 Weight changes AW:[0 —0.386 —0.437 —0.407 —0.271 0]
W:[1 2.566 2.607 0.962 0.912 1]

4 Weight changes AW:[0 ~0.067 —0.139 —0.156 0.073 0]
W:[1 2.499 2.468 0.806 0.839 1]

5 Weight changes AW:[0 —0.006 —0.039 —0.025 0.011 0]

W:[12.470 2.377 0.724 0.820 1]

X000 1 1.855 2.843 3.287 3.287 3.287]
Err:[8.960, 5.550, 8.275, 0.396]
X000 1 1.860 2.454 2.654 2.654 2.654]
Err[7.584, 4.038, 7.932, 4.507]
X000 11.8822.340 2.518 2.518 2.518]
Err[1.779, 3.119, 5.595, 0.734]
X000 11868 2.239 2.397 2.397 2.397]
Err:[1.384, 2.069, 4.262, 0.690]
X000 11.8452.163 2.312 2.312 2.312]
Err[1.391, 2.473, 3.305, 0.903]
X:[00011.8232.113 2.260 2.260 2.260)
Err:[1.402, 2.402, 2.682, 0.903]
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From the above observations, a number of joining the slow down of the precision improvement reaches
points constrained to weight changes AW/X followed a certain scale. Set the nose point errors Err: [e;,, €;,,
by control point movements AB can achieve higher ..., €], the initial nose point errors Err: [e,, €, - .,
precision for curve modification. The global precision e,,), and the error improvements AErm: [(e;,, Ae», . . .,
for the curve modifications or curve-fitting improve- Ae,,]; the improvement efficiency is defined as:
ments will rise as the number n of the change AW/X
increases initially, but the efficiency of the global _ Ae +Ae,+. .+ e, 2
precision improvements will slow down (even be p= et 12t e, (22)
destroyed) as n keeps increasing. As Table 2 shows, ‘ " '
the precision improvement of nose points almost where Ae; ;=e,_, ;—e;;
ceases from the fourth time of AW/X. An optimal When the improvement efficiency p has been less
solution can be reached by choosing the value n when than a certain value or even become negative, stop

Input

Initial NURBS model:
control points [B], Knot
vector [X], weights [#]

Curve modification Fitted-curve improvement

Data y
Data 1.Given minimal improvement
efficiency Py
T . 2.0riginal data points
1. Minimal improvement
efficiency Piav ‘
2. Given target points )
for nose points P,'s Evaluate target nose data points

P/'s from the original data points

' '

Evaluate the positions R ~ .Evaluate the positions of
of nose points C(¢,) > « nose points C(z,,) for the [e——
for the segmenis segments "
. Calculate weight-changes [AW cafeees Eg (13), Process 1
. Calculate new knot vector {X ] to constraining
the joining points N Eq 2D
. Apply new weights[¥ '] and new knot vector{X ']
to give target curve shape
Count improvement |
efficiency 2 Eq 22
No No
?
P<Pyn

1 Yes

Calculate control-point
movements [AB]

OCutput

NURBS model:
187,171, X1

Figure 9 Flow chart for NURBS curve modification.
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the AW/X process and proceed with the control point
movements, to give an optimal modification for the
NURBS curve.

The recipe for curve modifications or curve-fitting
improvements, covering the algorithms proposed in
this paper, is illustrated in Figure 9. The following
implementation first gives examples which get closer
to implementing the behaviors of weight changes and

target :':“' neighboring nose
poin point C
200mm . x «—— target nose-point B
initial nose
point O
(a) initial curve
displacement direction
of nose point C
E =3.427
E, = 1746
W, =337
E=2.765
E=0.465
W =032

(e) AW

Figure 10 Curve modifications of a face profile.

Table 3 Improvement efficiencies of (AW/X) x 4 (mm)

target nose point AJ—»

control point movements, and subsequently demon-
strates the results of the proposed optimal criteria.

Computer implementation

In order to put the curve-modification strategy into
practice, this research employs C+ + programming
language to develop a prototype system, which

displacement direction
of nose point C
E_=3.451

initial nose point

x x «—— target nose point B

E =0.006

(b) AB

} 4 E~5341
E,=0.018

x

<+—target nose point B

initial pose point

(d) AB

Eg=0.014
W,=0.06

() (AW/X)x4 - AB

No. of AW/X modification Ey E. p

Modification for 1st time of AW/X 0.456 2.765 0.973
Modification for 2nd time of AW/X 0.218 0.542 0.731
Modification for 3rd time of AW/X 0.183 0.364 0.280
Modification for 4th time of AW/X 0.147 0.269 0.218
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accounts for performing the algorithms proposed in
this paper. The prototype system was developed using
a Pentium-166 personal computer with 64 Mbytes of
RAM. The computer platform is Windows 95 and the
programming language is Borland C+ +.

Figure 10(a) shows the initial curve of a face
profile. The original nose tip O is to be moved
toward target points A and B. A neighboring nose
point C is used to help evaluate the improvement
efficiency.

Figure 10(b) and (d) show the nose point modifica-
tions toward points A and B respectively which
resulted from moving the control point using
equation (7). Figure 10(c) and (e) depict the nose
point modifications toward points A and B respec-
tively which resulted from changing the weights using
equation (13), with all the initial weights W=1.
Compare Figure 10(b) and (c) [or compare Figure
10(d) and (e)], which reveals that weight changes
result in a larger distance error between the neigh-
boring nose point C to the resulting curve than the
movement of control points does. This is because the
direction of displacements for the two cases are
different and almost normal to each other.

The distance error caused by changing weights can
be eliminated as the joining points are constrained.
Assume the allowable displacement for the neigh-
boring nose point C is 0.3 mm, and the minimal
improvement efficiency puyn is set to 0.25. The
improvement efficiency values ps for moving nose
point B toward target position in the first, second,
third and fourth times AW/X are illustrated in
Table 3. p is smaller than py,y, and the displacement
of neighboring nose point C is smaller than the allow-
able value in the fourth time of AW/X. Thus four
times of the changes of weights and knot vector
followed by control point movements, i.e.
AW/X)x4—-AB as indicated in the figure, gives an
optimal result, which yields nose point error
0.014 mm and displacement of the neighboring nose
point 0.273 mm [see Figure 10 (f)].

Conclusions

In this paper, the nose points and joining points on
curve segments are viewed as feature points. Local
modification of a NURBS curve is to be accom-
plished by fitting the curve to these feature points.
Some algorithms are proposed to determine the
change of weights, the movement of control points,
and the constraint of knot vector. The proposed
algorithms are used either to improve the accuracy of
a fitted curve or to modify an existing curve. An
equilibrium equation of three forces acting on each
nose point to form the displacement of the nose
point is created to physically explain the solution of
weight changes, and with which, a weight change
allocation process is proposed to transform weights
with negative values (if any) into positive ones so that
NURBS curve modification can be undertaken.
Constraining both nose points and joining points for

curve segments keep curve segments from excessive
deflection, and can give better results for curve
modification. A prototype computer system is also
developed to verify the usefulness of the proposed
methodology. The  implementation  examples
discussed in the paper lead to the conclusion that
several times of weight changes and knot point
constraining followed by control point movements
can give an optimal result.
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Appendix

For a third order NURBS curve”™', a curve
segment can be expressed as:

. it Nm.}(t)Wm
C’(t) = mz~i ¥z Dy (Al)
B Z NmJ(Z)Wm

m=i

the basis functions are formulated as:

(t~xm)Nm,k—l(t) + (xm+k—t)Nm+l.k7I(t)

xm+kf| _xm

N ma{E) =

xm+k —xm+l

(t*xm)Nm,k—l(t)
Am+k74+Am+k—5+ LA +Am—2

('xm+l< —t)Nm+l.k— I(t)

(A2)
Am+k73+Am+l\*4+' - '+Am—l
N0 {lform=i+2 A3
m t =
! 0 for other m (A3)

For an n segment NURBS curve, the knot vector for
open third order B-spline” has such a pattern:
[X] = [xl 'x2 x3 AR xn+] xn+4 nu+5]

=[000X4 Xg oo o Xpp2 X403 -xn+3xn+3] (A4)
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From equations (A2) and (A3), the basis functions on
knot x,, , for parameter range x; , <t <X,

Nl.?(lerﬂ) = O

(X=X ON ()

Niiialxia)=
B A+A,
(Xf+4‘xf+3)Ni+z,z(xf+3) (A5)
A, +A4,
(Xisy—Xi N 20
Nioaxi )= —_— A6
Ai+l+Al ( )
(X 3= X )N
Nioialxi )= — Mo (A7)
A
Xi3— XN
Nipaax0)= ( 2 d =1 (A8)

A,

(]

where span A,=x;,;—x;,,. Substituting equations
(A7) and (A8) for equations (AS) and (A6)

Aisy

Nipialxiga)= A,H-{—Ai (A9)
Nipaalxi, )= il (A10)
P23\ A 4R A,~+1 +A,~

Express the joining point by substituting the above
equations for equation (Al)

Niiakx )W

Fi+|=Ci('Xi+3)= i+2 B,
mZ:’_ N711.3(x,'+3)Wm
N:+Z.3(.x,-+3w+2
i+2 s
mz;‘,’ N"’-f‘(szr})W”,
Ai+|
Ai+| + A,.
= Wb,
rnE::, NIH.J(X,'+3)W,”
A
A +A
+ 55— w+2Bi+l
'nz:i N”’~3(xi+3)w,”
A
A — T T

Ai+’w+| +Alw+2

A
+ W,.B,, All
AW+ AW, (A1)
Rearrange equation (All) into
W+2 Bi+ -Fi+
=B m B (A12)

W+I(Fi+l_B:+l)

Equation (A12) formulates the relationship among
knot spans of a NURBS curve.

For a non-rational NUBS curve (W =1), rather,
the knot point (feature point) is formulated as:

F _C,-(x )_- Ai+l
it i+3 A’+I+Ai i+l
+ A g (A13)
AI+I+A1' o

Once A, is given, A, ,, will be substantiated following

Bi 2*Ff \
m:_L.__*_AI_

Al4

Fi+| _Biﬂ ( )
By equation (A13), we can determine the knot vector
from the obtained polygon vertices and feature
points. If we appoint the first span A, constant (say,
A, = 1), the other spans will be derived from equation
(A12):

W(B,—F) W, (B,—F)

T WJF,—B) | Wy(F,—B)
W+|(Bi+!’_Fi)

A= ———mA_, (A15)
W(F/—Bi)

A general solution for A, can be written as

W, Bi+l—Fi B,—F,

" W, F~B J\F -8B,
B,—F.\| B:—F, )
. : A, (A16)

F.—B,]\F,—B,
for i >2. The knot vector is designated:

[X]=[000A, ,ALA ;.. AL

A]Jv~—2 A].n~l ALn—] ALn—I] (A17)

where A=A, +As+.. . +A +A.



